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Convergence of a Generalized Pulse-Spectrum Technique
(GPST) for Inverse Problems of 1-D Diffusion Equations
in Space-Time Domain

By X. Y. Liu and Y. M. Chen

Abstract. The problem of convergence of a special form of the generalized pulse-
spectrum technique (GPST) for solving inverse problems of one-dimensional diffusion
equations in space-time domain is considered. Under the assumptions that a Tikhonov
regularized solution exists and the derivative operator of the regularized forward prob-
lem at the regularized solution is invertible, the iterative solutions of this special GPST
converge to the Tikhonov regularized solution in C norm if the initial guess is close
enough to the Tikhonov regularized solution and the rate of convergence is at least
linear.

1. Introduction. The generalized pulse-spectrum technique (GPST) [1] is a
versatile and efficient iterative numerical algorithm for solving inverse problems of
a system of nonlinear partial differential equations. In general, inverse problems
of partial differential equations can be formulated as ill-posed nonlinear operator
equations. It is important to point out that the GPST is not a single narrowly
defined iterative numerical algorithm, but a broad class of iterative numerical al-
gorithms based on the concept that either the nonlinear operator equation is first
linearized by any one of the Newton-like iteration methods and then each iterate is
solved by using a stabilizing method to overcome the instability, e.g., the Tikhonov
regularization method [14]. Alternatively, the stabilizing method can be first ap-
plied to the nonlinear operator and then the stabilized nonlinear problem is solved
by using a Newton-like iteration. Hence different choices of various Newton-like
iteration methods and stabilizing methods lead to different special forms of GPST.
The choice of a specific Newton-like iteration method and stabilizing method and
the question of whether to solve the inverse problem in the space-time domain or in
the space-complex frequency domain depend mainly on the particular inverse prob-
lem under consideration. The efficiency of a GPST depends upon how efficiently
one can treat every single step in the particular numerical algorithm.

It has been demonstrated that the GPST iterative numerical algorithm does give
very good results in solving the inverse problems with time-dependent coefficients
of one-, two- and three-dimensional linear evolution partial differential equations
in the space-complex frequency domain, [2]-[7], [10], [14], and in the space-time
domain, [13]. Similarly, the inverse problems with time-dependent coefficients of a
one-dimensional linear diffusion equation can be solved by using the GPST with
equal efficacy [11]. The convergence of a special form of GPST for solving inverse
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problems of one-dimensional evolutional partial differential equations in the space-
complex frequency domain has been proved under several assumptions in [15].

In Section 2 a special form of GPST for solving one-dimensional diffusion equa-
tions in the space-time domain is introduced. This is followed by a section on
the mathematical properties of the nonlinear inverse operator A from C|[0,1] to
C[0,T]. Finally, in Section 4 the convergence proof and error estimates are given.
They show that if the initial guess ko(z) is close enough to the regularized solu-
tion k4 (), then under the assumptions that a Tikhonov regularized solution exists
and the derivative operator of the regularized forward problem at the regularized
solution is invertible, the iterative sequence {k,(z)}, n =0,1,2,3,..., of this spe-
cial form of GPST converges to ko (z) and ||ko — knl||c < Const¢", 0 < ¢ < 1.
The proof of the invertibility of the derivative operator of the regularized forward
problem at the regularized solution will be presented elsewhere. It is clear that the
generalization of this proof to cases of the corresponding inverse problems of higher
spatial dimensions is rather straightforward but very tedious.

2. Generalized Pulse-Spectrum Technique (GPST). Consider the initial-
boundary value problem of the one-dimensional linear diffusion equation

(k(z)0u/0z)/dz — u/dt = 0, (z,t) e Q@ ={z € (0,1), t €(0,T)},

(2.1) u(z,0) =0, 0<z<1,
T 0u(0,t)/0z = £(¢), 0<t<T,
u(1,t) =0, 0<t<T,
and the auxiliary condition,
(2.2) u(0,t) =g(t), O0<t<T,

where k(z) € & = {k(z)|k(z) € C[0,1], k— < k(z) < k4 on [0,1]} with constants
k_,ky >0and k- <1, f(t) € H}(0,T), f(0) = 0 and ¢(t) € C[0,T], g(0) =0, a
function obtained from measurements.

The inverse problem here is to determine k(z) such that u(z,t) satisfies (2.1)
and (2.2). Mathematically, let there exist a nonlinear operator A; mapping k(z) —
u(z,t) and a trace operator A, mapping u(z,t) — g¢(t) on the proper part of the
boundary. Hence the inverse problem amounts to solving the nonlinear operator
equation,

(2.3) A k(z) = As - Ay - k(z) = g(¢).

Mathematically, linearizing (2.3) by a Newton-like iteration method first, and then
solving each iterate by the Tikhonov regularization method, is similar to first apply-
ing the Tikhonov regularization method to (2.3) and then solving its corresponding
Euler equation by a Newton-like iteration method. In actual computation, the first
approach is more straightforward, but for theoretical analysis the second approach
seems to be more convenient.

Based upon the second approach, the Tikhonov regularization method for solving
(2.3) is to minimize the functional

(2.4) Ja(k) = 1A k= gll320,r) + @*(B -k, k) L2(0,1),

where k(z) € £, B is a selfadjoint strictly positive bounded linear operator from
C[0,1] into its dual V, (the set of all regular functions of bounded variation on
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z € [0,1] vanishing at = = 0), and o? is the regularization parameter. The Euler
equation of (2.4) is

(2.5) p(k)=A*k) (A-k—g)+a®B-k=0,

where A’(k) is the Fréchet derivative of A at k and A" (k) is the adjoint of A’(k).
For the special form of GPST here, the following Newton-like iteration method,

(2.6) knt1=kn— N7 HA™(kp) - (A kp—g) +a®B - ky), n=0,1,2,3,...,

with N, = A" (k) - A’ (k) + A" (ko) - (A - ko — g) + & B is used to solve the Euler
equation (2.5).

3. Mathematical Properties of the Operator A. First, a basic lemma
containing inequalities for integrals of the solution and its derivatives of an initial-
boundary value problem of a parabolic equation is proved. Next, the existence of a
unique continuous solution of (2.1) for any k(z) € £ and f(t) € H'(0,T), f(0) =0,
is also proved, i.e., the operator A is well defined. Finally, the Fréchet derivatives of
A of arbitrary order are obtained as the solutions of various initial-boundary value
problems of parabolic equations.

Consider the set of functions o, = X NC[0, 1], which is a dense subset of X in
the C[0,1]-norm, and the set C*[0,T] = {f(t)|f(t) € C*°[0,T], f(0) = f®O(0) =
0, ] = 1,2,...}, which is a dense subset of H*(0,T) = {f(t)|f(t) € H*(0,T),
f(0) = 0} in the H*(0, T')-norm.

LEMMA 1. Let
(i) a(z) € Lo, ai(z) € C*[0,1],2=1,2,...,m,
(ii) b(t) € C=*[0,T], and
(ifl) vi(z,t) € C®(Q), %i(z,0) = 0, d;(0,£)/dz = ci(t) € C*[0,T], i =
1,...,m.
Then there exists a unique C®°(Q) solution 6(z,t) of the following initial-bound-
ary value problem:

06/t — 9(a(z)d0/dz)/dz = 0 (zm: ai(a:)8¢i/az) /9, (z,t) € Q,
i=1

(3.1) 0(z,00=0, 0<z<l,
80(0,t)/dz =b(t), O0<t<T,
0(1,t)=0, O0<t<T.

Moreover, 8(z,t) satisfies

(3.2) 106/0z||2,q, < Mo,
(3.3) |00/0t)2, and ||0%0/8t07||2,q, < Mi,
(3.4) 100/3z)2,, and ||8]|lc(q) < (2MoM1)*/?

for any 7 € [0, T, where

lailo = Il\e/llg?i] |a: ()],

08, = [ CP@ndn  blq - /0 | Pandca,
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m

Mo = kZ* {k+”b”L2(0,T) + > ladlo(lleillLzo.ry + ||31/)i/5’z||2,Qr)} ;
=1

and

m
My =kZ! {k+||b'||L2(o,T) + Y lailo(lle}ll2o,m) + ||32¢i/3t3f€||2,<9,)} :
i=1
Proof. The proof of the existence of a C°°(Q) solution of (3.1) can be found in
[8]. To prove (3.2), multiply the first equation of (3.1) by 6(z,t) and integrate by
parts on Q, = QN [0, 7] for 7 € [0,T], to obtain

11613 , + ||a/286/0z|13 o.
=_/T[ -1-2(12 ci :|0(0t)
//Zaz )00z - 80 /0 dx dt
= / / [a(o)b(t)-f'iai(o)cz(t Zai awt/azl 80/9z dz dt
0 0 1=1

< 31la'/200/82]13 o,

2
T rl m
1 / / a!(z) [a(O)b(t)+Zai(0)ct Za, (91,[)1/(%} dz dt.
0 7o i=1
Consequently,
1013, + [1a'/280/8z|13 o,

2
m
<kZ! {k+|lbl|L2(0,T) + > lailo(lleillL2 0.1y + ||31/1z‘/3’~’||2,Qf)} :
i=1
Inequality (3.2) now follows.
Let o(z,t) = d0(z,t)/0t. This satisfies the initial-boundary value problem,

9o /3t — d(a(zx)do/dz)/dz = 3 (Zat a2¢,/ataz> /0, (z,t) € Q,

(3.5)
o(z,0) =0 (a(z)af)/az + Zai(z)ad)i/az) /90z|i=0 = 0, 0<z<1,
=1
00(0,t)/0x =V (), 0<t<T, and
o(1,t) = 0, 0<t<T.

Upon comparing (3.1) with (3.5) one concludes that o(z,t) satisfies the estimation
lo13.- + lla'/200/02|13 o,

2
m
<kZ? {k+||b'||L2(o,T) + Y lado(llc'llz20,m) + |I32¢i/3t3zl|2,Qf)}
=1
=k_M}.
Hence (3.3) is true. Finally, multiplying the first equation of (3.1) by 96(z,t)/0t,
integrating by parts on Q,, and following a similar procedure, one obtains (3.4). O
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LEMMA 2. For any k(z) € o and f(t) € C°*[0,T] there exists a unique
C*(Q) solution u(z,t) of (2.1) which satisfies

(3.6) 10u/0z2,q, < k+kZ*(|f]lz20,1)s
(8.7) |0u/8t|2,r and ||0%u/8tdz|2.q, < k+kZ | f'||20,1)5
(3.8) |0u/0zls,; and ||ullc(q) < 22k k2| f]m1 0,1)

for anyt € [0,T). Moreover, for any k*(z), k(z) € L and f*(t), f(t) € C°*[0,T],
denote by u*(z,t) and u(z,t) the solutions of (2.1) corresponding to {k*, f*} and
{k, f}, respectively; then their difference u*(z,t) — u(z,t) satisfies

* k— + k * * - *
(3.9) [|0(u" —u)/0z||2,q, < 2 11 £* 20, k" —klo+k+ k2 f* = fll2(0,7)

|0(u* — u)/0t|2, and ||0%(u* — u)/0t0z||2,q,

3.10 k- +k . _

(310 < AR i b — Kl k7 = o)
|0(u* —u)/0z|z,, and ||u* — ul|lc(q)

(3.11)

k_ +k . " _ .
<22 -k2—+'||f 0,1 |K* — Klo + ks kZHIf* = fllgr0,1)

for any v € (0, T).

Proof. This lemma can be proved by using Lemma 1 for the direct problem
(2.1) and the initial-boundary value problem satisfied by the difference u*(z,t) —
u(z,t). O

LEMMA 3. For any k(z) € L, hi(z) € C®[0,1], 7 = 1,2,3,...,f(t) €
C>*[0,T], and any positive integer l, there exists a unique C°°(Q) solution
wi2,..1(z,t) of the initial-boundary value problem,

Owi,2,..1/0t — O(k(x)0w 2,...1/0) /O

.....

l
(3.12) =8 (Z h,,-(a:)Bw1,2,...,z',.,.,z/393) /9z, (z,t) € Q,
=1

wi,.(2,00=0, 0<z<1,
1(0,8)/0z =0, wyg..(1,t)=0, 0<t<T,

where Wi g 4.0 = W12, i-1,41,..1, W(0,t) = u(0,t) and dux(0,t)/0z = f(t).
wy,2,...1(z,t) satisfies

k- +k
613)  l0wia.a/0alae, < S EED a0 alolhalo- - o

|0ws,2,...1/0t|2,r and ||0%w 2,....1/Bt0zt|2,q,

3.14 Mk_+k
(3.14) < (—WI‘_‘F-)H./,”LZ(O,T)I}LIIOI}LﬂO'"lhllo,
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|Ows,2,...1/0z]2,r and [|lwiz,..illc(Q)

(3.15) 2120 (k_ + k
< ‘-——'EC,H—-'-)”fllHl(o,T)lh1|0|h2lo - |hio,
for any 7 € [0,T] and | = 1,2,3,.... Moreover, for any k*(z) and k(z) € T,

hi(z) and hi(z) € C*[0,1], ¢ = 1,2,..., f*(t) and f(t) € C>*[0,T], and any

yeor

corresponding to {k*,hi, h3, ..., h}, f*} and {k,h1,ha,... hy, f}, respectively; then

their difference wi , (1) —wy 2, 1(z,t) satisfies

[0(ws, . 1 —wi,..1)/0%||2,@.
(1 + 1)k_ + ky)

3 16) < 72 FyH H, - - H)
!
. k_ |ht — hilo | If* = fllz2(o,1)
{'k 'k|°+1+1(; T R !
0(wy, 1 = wi,..1)/0t|2,r and ||0%(w} ; —wi,..1)/0t0z|2,q,
I+ DYk + k
!
. k_ |RY —hilo  If* = f'llz20,1)
'{VC _k!0+’+1(§ T + 2 ,

[0(wi,..... —wi,..1)/0%|2,r and ||lwy, ; — w1, llc(q)

21201+ 1)) (k_ + ky)
= F
(3.18) k-

!
. k_ |By — hilo | IIf* = fller o)
{lk k|0+l+1 (g H, * Fo+F

(Fo+ F1)Hy --- Hy

for any 7 € [0,T] and | = 1,2,3,.... Here the positive constants Fy, Fy, Hy, Hy, . ..

are chosen such that
Max{||f*||2(0,7)5 [IflL2(0,6)} < Fo,

(3.19) Max{||f *||L2(0,1): | /'llz2(0,1) } < F1,
Max{|h} o, |hilo} < Hiy, 1=1,2,3,....

Proof. Applying Lemma 1 and Lemma 2 to (3.12) and to the initial-boundary
value problem for wi , (z,t) —wi,2,..1(,t), and using induction on [, the desired

inequalities follow after some tedious manipulation. O

Remark. For the special case of h}(z) = hi(z), ¢ =1,2,3,..., and f*(t) = f(¢t),

Egs. (3.16), (3.17) and (3.18) become, respectively,
lo(wi, 1 — w1,..1) /072,

U+ D)k

( ) kl+2 +)”f||L2(O,T)|h1|O""hllolk —klo,

IA

.....

3.21 I+ 1) (k- +k *
. e o mimloltalo - dolk” = ko

0wl = w,..1)/Otla,r and [|0%(w], ;= wi,..1)/0t01]2,q,

IA
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0wy, . ; —w1,..1)/0%]2, and ||w] ; — w1, illcQ)

.....

(3.22 21214+ 1)\ (k= + k .
) < PO 2B s o mlhslolalo - il = Kl

LEMMA 4. For any k*(z), k(z) € T, hi(z) € C*®[0,1], ¢ = 1,2,..., and
f(t) € C*[0,T), the differences

p1(z,t) = u*(z,t) — u(z,t) — wi(z,t) and
(3.23) P12, (T t) =wi _q(z,t) —wi,. 1-1(z,t) —wi,.. (2, t),
1=2,3,...,

satisfy
22(k_ + ky)

(3.24) lIp1lle(qQ) < 3 £ 1z o, % = Kl
and
Ior,dlloq < T DM 2 ke) ) oy lhalo- - i slolk® — kP
(3'25) ERRES] (Q) - kl_+2 ( ) ) - 0y
1=2,3,4,....
Here, w, ;_{(z,t), w12, 1—1(z,t) and w2, i(z,t) are the solutions of (3.12)

corresponding to {k*, hy,...,hi—1, [}, {k,h1,...,hi—1, f} and {k, h1,... hi—1,k*—
k, f}, respectively.

Proof. This lemma is a direct consequence of Lemma 1 and the remark after
Lemma 3. O

LEMMA 5. For all k(z) € £ one has
(3.26) A - k(z) C C[0,T].

Proof. For any fixed k(z) € ¥ and f(¢t) € H'*(0,T) one can construct their
approximate sequences {k,(z)} C X and {fn(t)} € C**(0,T] such that

|kn—k|0—>0, ||fn_f||H1(0,T)_’0 as n — 0O0.
Without loss of generality, let
Ifnllz20,r) < fllL2o,ry +1=Fo and ||fpllz20,m) < 1f]lz20,r) +1 = F1.
Consider the family of initial-boundary value problems

Oup /0t — 3 (kn(z)0u,/dz)/0z = 0, (z,t) € Q,
Un(z,0) =0, 0<z<1,

0un(0,t)/0z = fu(t), 0<t<T,

un(l,6)=0, 0<t<T.

Using the results of Lemma 1 for the C*°(Q) solution of the above initial-boundary
value problems and their differences uy,(z,t) — um(z,t), m,n = 1,2,..., one can
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derive the following estimates,

10un/02ll2,0, < kkZ || fallz2o,r) < 4tk Fo,
|0un/0t]a,; and ||0%un/0tdzl2,Q, < k+kZ'l|fyllL20,1) < kikZ'Fy,

|0un /0zl2,- and |Junllc(q) < 2V 2k k2| fullm o,y < 2/ 2ks k2 (Fo + Fy),
18(un = um)/0z|l2,q, < (k= + ky)k=*Folkn — kmlo + ks k= || fn = fmllz2 (0.1
|0(un — um)/0t]2,, & ||‘92(Un — U )/0t0z]|2,q,

k_+k k
< g Filkn = knlo + 251/ = fllzor),

and
10(un — um)/0z|2,r & |lupn — um”C(Q)

k_+k k
< 2!/ {k—+(Fo + F1)lkn = kmlo + k—tan - fm||H1(o,T)} .

From the above estimates it follows that there exists a function u(z,t) € C(Q) such
that

Un(z,t) £Q, u(z,t),

2 2
Oun(z,8)/07 =2, du(z,t)/0z,  Bun(z,t)/0t 2L, du(z,t)/0t
for any t € |0, T, and

82un(z, 1) /0t0z 2, 924(z, ) /0t

Moreover, the norms of u(z,t) and its derivatives also satisfy the above estimates.
Let V = {v(z,t)|v(z,t) € C(Q), dv/dz € L%(Q), and v(0,t) =0 for ¢ € [0, T]}.
It can be easily verified that u,(z,t) satisfies the integral identity

/ ' / Oun /Ot - v+ knBun Oz - Du) 3z} di di + / "o (0) o (£)0(0,£) dt = 0
0 0 0

for any v € V and 7 € [0,T]. Therefore, u(z,t) satisfies the same integral identity
with n — oco. This implies that u(z,t) is a continuous solution of (2.1) in the
weak sense. From the uniqueness properties of weak solutions of linear parabolic
equations, u(z,t) is also a unique continuous solution of (2.1). Thus, for any k(z) €
¥ and f(t) € H*(0,T), one has A; - k(z) = u(z,t) € C(Q) and A-k(z) = u(0,t) €
clo, 7. o

Remark. 1t is obviously true that u(0,t) = — fo du(z,t)/dz dz for t € [0, T].

The following relation then exists between the operators A; and A:

(3.27) / B(A; - k(z))/dzdz for t € [0, .

LEMMA 6. The operator A is Fréchet differentiable up to an arbitrary order
and the lth-order Fréchet differential

(3.28) AD (k) -hihg---h = wy 5. 41(0,) € C[0, T]

.....



A GENERALIZED PULSE-SPECTRUM TECHNIQUE FOR INVERSE PROBLEMS 485

foranyke X, h, €C[0,1],7=1,2,...,1,1=1,2,..., and f(t) € H*(0,T), where
wy2,...,1(z,t) is the continuous solution of the initial-boundary value problem (3.12)
corresponding to {k,h1,ha,..., hi, f}.

Proof. Let k(z) € &, hi(z) € C[0,1], ¢« = 1,2,..., and f(t) € H*(0,T) be
given. Let the approximate sequences {k,(z)} C oo, {hin(z)} C C*[0,1], ¢ =
1,2,..., and {f,(t)} C C°°*[0,T] satisfy the conditions in the proof of Lemma 5:
|hin —hilo — 0 as n — oo and |hinlo < |hiJo+1 = H;,7,n=1,2,.... Then one has
the C*°(Q) sequence solution {u,(z,t)} of (2.1) and the C*°(Q) sequence solutions
{wi,2,. 1,n(z,t)} of (3.12),1=1,2,3,.... From Lemma 5, the limit function u(z,t)
is the continuous solution of (2.1), i.e., A; - k(z) = u(z,t) for any k(z) € . Using
the results of Lemma 2 for {wi 2, 1n(z,t)}, one obtains the following estimates:
Nk—+ky)

Ilawl,.--,l,’n/az”?,Qr < k‘l+l FyHH,--- Hy,

|0ws,...1,n/0t|2,r and ||0%wy,... 1.0/ 0t02]|2,0,
3.29 Wk-+k
(329) 5—(—,CW1_'QF1H1H2'”H“
|Ow1,... 1 /0|2, and [|w1,...1.nllc(Q)
2120 (k_ + k
< ——(,;H—I—Jf)(Fo +F1)H{H, - Hy.
Moreover,

10 (ws,...10 — w1 2,...0m)/02]l2,Q.

I+ 1) (k- +k
S( )Ic('+2 +)F0H1H2”'Hz

l
k_ |hin - him}O ”fn - fm”L2(0,T)
{'k" kmlo+ 757 (; 77 7 ’

|8(w1,...1n — W1, 1m)/Ot|2,r and ||0% (wi,... 10 — Wi,....1m)/0t0%||2,q,

< Dk +ky)
- kl_+2

l 1 !
k— |hin — Rimlo | Ifr, = fmllL20,1)

i=1 ?

FyH, - H,

and

|0(wy,....1,n — W1,...0,m)/0%]2,r and ||lwy,. 1 — W1, 1mllo@)

< 212(L+ 1) (k_ + ky)
- kl_+2

!
k_ |hin — himlo . 1fn = fmllE200,1)
{'k" kmlo + 757 (; o, R+ R

for any 7 € [0,T] and m,n,l =1,2,....

(Fo+ F1)H,---H
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From the last three estimates it follows that there exist functions w; o, i(z,t) €
Cc(Q),1=1,2,3,..., such that

w12, 1,n(T,t) £9, wi 2, 1(z,t),
Owy 2, 1n(z,t)/02 —Lm Owy 2,...1(z,t)/0z for every t € [0,T],
owy 2, 1n(z,t)/08 m Ows 2, 1(z,t) /0t for every t € [0,T],
and

L?
82w1,2, n(z,t)/0t0z —= (@) 62w1,2,,,,,1(9:,t)/8t82:, 1=1,2,3,...,
as n — 0o.
The norms of wy 5, (2, t) and their derivatives also satisfy the same estimates as
those for the norms wy 2,... 1. (2, t) and their derivatives (3.29). Moreover, it is clear

that w2, i(z,t) is the weak solution of (3.12) corresponding to {k, hi,..., ks, f}.
Now let the operators B; be defined as

By(k) - hihg -+ hi = wy 2, 1(z,t) € C(Q)

for any k € ¥, h; € C[0,T], 7 = 1,2,...,l and I = 1,2,3,.... Obviously, these
operators are linear with respect to h;, 1 =1,2,...,1.

To prove the Fréchet differentiability of the operator A; up to an arbitrary order,
one needs to verify the following equalities, one by one:

|41 - k* — Ay -k — Bi(k) - (k* — k)|o = O(|k* — klo),
|41 (k") -y — AL (K) - ha — Ba(k) - ha(k* — k)lo = O([k* — o),

............................................................................

= O(Ik* - klo),

............................................................................

In fact, upon using the results in Lemma 4 for their approximations, one obtains
[ (2, 1) =t (2, £) = win (2, )] < 22 (k + ki k=21 || 0,1 [* — 13
and

W3, m1m(2,8) = Wi, -1 (2,1) = Wi, in (3, 8)]
< 22+ Dk + ke )EZ 2N o,my halo -+ [u—alolk* — EIG,
1=2,3,....

Hence, as n — oo, the above equalities hold. By the definition of the Fréchet
differential, one has A(ll)(k:) “hihg---hy = By(k) - hihg - -- by and

A(l)(k’)~h1h2'--hl =wy,.. (0 t / O(wy 2,.. ,1(:11 t))/azd.’EEC[O T] ]

4. Convergence of the Iterative Solution of a GPST. Before proving the
main convergence theorems, we need the following lemma from [12].
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LEMMA 7. Let ¢ be an operator from a Banach space X into another Banach
space Y and ¢ be Fréchet differentiable in } C X. Let N, be a sequence of linear
tnvertible operators from X into Y such that for given nonnegative constants A, &,
B and n,

() Nz < A,
(i) |INn — &' (ko) < &,
(iil) of k*, k are in the sphere S(ko,p) C 0, then

ll¢(k™) — d(k) — ¢' (ko) - (k™ = K)lly < Bllk™ — kl|x,

(iv) llg(ko)lly <m, and

(V) s=AB+E <1, r0=A(1-¢)<p.
Then the iteration kpy1 = kn — N7t ¢(kn), n = 0,1,2,3,..., is well defined
and converges to a solution k of ¢(k) = 0. Furthermore, ||k — ko||x < ro, and k
is the only solution contained in this sphere. The rate of convergence is given by
Ik = knllx < roc™

To put the special form of GPST described in Section 2 into the mathematical
framework of Lemma 7, we let the operators ¢(k) and N,, be given by (2.5) and
(2.6), respectively, and let X = C[0,1], Y = Vp = (C[0,1])* and 2 = £. By using
the properties of the operator A proved in the previous section it can be easily
shown that ¢(k) is Fréchet differentiable,

¢'(k) = A™*(k) - A'(k) + A"*(k) - (A- k- g) + o*B,
and that there exist positive constants Ly, Ly and L3, depending only on k_, k4
and ||f||#1(0,) such that

A" (k) - (A~ k" = g) = A™ (k) - (A~ k = 9| < La k" — Klo,
[lA™ (k") - A'(K*) = A™ (k) - A'(k)|| < Lalk™ = Klo

and
[|A"*(k*) - (A-k* —g) — A" (k) - (A -k — g)|| < Ls|k* — klo

for any k*,k € ¥. Hence Lemma 7 applied to the special form of GPST becomes
the following lemma.

LEMMA 8. Suppose that there exist positive constants A and n and kg € ¥ such
that

(4.1) ll¢(ko)lly < n,

(4.2) INg Ml = 116 (ko) ™| < A
and

(4.3) A < (40)7,

where C = 3Lq + L3, with Ly and L3 being the Lipschitz constants of A™* - A’ and
A" - (Ak — g), respectively. Then the iterative sequence {k,} of (2.6) converges to
a solution ko (z) of ¢(k) = 0. Moreover, its rate of convergence is characterized by
the estimate

lka = knllx = ros™,

where ro = An(1 — CAp)~1 and ¢ = A\(2L2 + L3)p(1 — LaAp)~1.
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Proof. To show that the hypotheses (4.1)—(4.3) are equivalent to the hypotheses
(i)-(v) of Lemma 7, we note first that (4.1) is equivalent to (iv). Next, let p =
(2XC)~1(1— (1 —4X?nC)'/?); obviously, p satisfies p = An(1 —ApC)~L. From (4.3),
MpC < &. Let S(ko, p) C Z; then for any k,, € S(ko, p) we have

||Nn — ¢’ (ko)| = || Nn — Nol| = [|A™ (kn) - A’ (kn) — A" (ko) - A’ (ko)||
< Lo|lkn — kol|x < Lop =&,

which verifies (ii) and ||[Ng ! (Ny, — No)|| € Ladp < Crp < 3 from (4.2). From [9],
the operator N, is invertible and || N,;!|| < A(1— LaAp)~! = A*, which implies (i).
For any k € S(ko, p), one also has

ll¢’ (k) = &' (ko)l| < ||A™ (kn) - A’ (kn) — A" (ko) - A’ (ko)
+ ||A"*(kp) - (A kn —g) — A" (ko) - (A~ ko — g)|
< (Lg + L3)p;

thus, for any k*, k € S(ko, p), one obtains

16(k*) — 6(k) — &' (ko) k"  K)lly
[ @i - 1) - a1
< (Ly + La)lIk* — Hlx = AlIE*  kllx,

which is equivalent to (iii). Finally, let

Y

¢=XA(B+ &) = A2La + La)p(1 — Ladp) ™"

Then it is clear that ¢ < 1 and rg = A*n(1—¢) < An(1—CAp)~! = p, which implies
(v). Hence, from Lemma 7, the conclusion of Lemma 8 is proved. O
Now the main result is contained in the following theorem.

THEOREM. Assume that there ezists a regularized solution ko(z) € L for o > 0
small enough such that ¢(ko) = 0 and ¢'(ko) is tnvertible. Then there exists at
least one sequence {ky} from (2.6) that converges to kq(z). Moreover, the following
error estimate holds, ||ka — kn||x < 70o¢™, where ro and ¢ < 1 are two positive
constants depending only on «, ||B||, L1, L2, L3 and ||¢' (ko) ||

Proof. To show that there exists a kg € ¥ such that the hypotheses (4.1)-(4.3) of
Lemma 8 are satisfied, let ||¢/(ka) || = A, A > 0, and § = Min{A~! (L2 + L3) ™,
3A72C7Y(Ly + o?||B||)~*}. For any ko € S(ka,6) N'E, one has

llo(ko)lly = llé(ko) — d(ka)lly
< ||A™ (ko) - (A ko — g) — A™(ka) - (A~ k = g)|l + &®||B - ko — B - kal|
< (L1 + &®||BI))llko = kallx < (L1 +@?||B||)6 = n,
ie., (4.1) is satisfied. Since
|19’ (ko) — &' (ka)Il < [|A™ (ko) - A' (ko) — A™ (ko) - A' (o)

+[|A™ (ko) - (A - ko — ) — A" (ka) - (A~ ka = g)|
< (Lz + La)llko — kallx < (L2 + Lg)6 < A~*
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and ||¢'(ka)"!|| = 3, one can show that ¢(ko) is invertible and ||¢'(ko)™!|| <
), ie., (4.2) is satisfied. Next, from (4.1) and (4.2) it follows that AZp =
ALy + o?||B|))§ < 1C71, ie., (4.3) is satisfied. Finally, Lemma 8 yields the
results of the theorem. O

Acknowledgment. One of the authors, X. Y. Liu, was partially supported by
the Committee on Educational Exchange with China at the State University of New
York at Stony Brook as the 1983-1984 Fong Shu-chuen Fellow and by Chevron Oil
Field Research Company at La Habra, California.

Department of Mathematics
Peking University
Beijing, People’s Republic of China

Department of Applied Mathematics and Statistics
State University of New York at Stony Brook
Stony Brook, New York 11794

1. Y. M. CHEN, “Generalized pulse-spectrum technique (GPST) for solving problems in param-
eter identification,” Proc. U.S.~China Workshop on Advances in Computational Engineering Mechs.,
Dalian, China, Sept. 5-9, 1983.

2. Y. M. CHEN & D. S. TSIEN, “A numerical algorithm for remote sensing of density profiles
of a simple ocean model by acoustic pulses,” J. Comput. Phys., v. 25, 1977, pp. 366-385.

3. Y. M. CHEN & J. Q. L1U, “A numerical algorithm for remote sensing of thermal conductiv-
ity,” J. Comput. Phys., v. 43, 1981, pp. 315-326.

4. Y. M. CHEN & J. Q. LIU, “A numerical algorithm for solving inverse problems of two-
dimensional wave equation,” J. Comput. Phys., v. 50, 1983, pp. 193-208.

5. Y. M. CHEN & J. Q. LIU, “An iterative numerical algorithm for solving multi-parameter
inverse problems of evolutional partial differential equations,” J. Comput. Phys., v. 53, 1984, pp.
429-442.

6. Y. M. CHEN & G. Q. XIE, “A numerical method for simultaneous determination of bulk
modulus, shear modulus and density variations for nondestructive evaluation,” Nondestructive
Testing Communication, v. 1, 1984, pp. 125-135.

7. Y. M. CHEN & G. Q. XIE, “An iterative method for simultaneous determination of bulk
and shear moduli and density variation,” J. Comput. Phys., v. 62, 1986, pp. 143-163.

8. A. FRIEDMAN, Partial Differential Equations of Parabolic Type, Prentice-Hall, Englewood
Cliffs, N. J., 1964.

9. L. A. KANTOROVICH & G. P. AKILOV, Functional Analysis in Normed Spaces, Pergamon
Press, Oxford, 1964.

10. J. Q. L1iu & Y. M. CHEN, “An iterative algorithm for solving inverse problems of two-
dimensional diffusion equations,” SIAM J. Sci. Statist. Comput., v. 5, 1984, pp. 255-269.

11. X. Y. L1u & Y. M. CHEN, “A generalized pulse-spectrum technique for determining time-
dependent coefficients of one-dimensional diffusion equations,” SIAM J. Sci. Statist. Comput., v. 8,
1987, pp. 436-445.

12. V. PEREYRA, “Iterative methods for solving nonlinear least squares problems,” SIAM J.
Numer. Anal., v. 4, 1967, pp. 27-36.

13. Y. N. TANG & Y. M. CHEN, “Application of GPST algorithm to history matching of single-
phase simulator models,” Advances in Computer Methods for Partial Differential Equations V (R.
Vichnevetsky and R. Stepleman, eds.), IMACS, 1984, pp. 433-439.

14. A. N. TIKHONOV & V. Y. ARSENIN, Solutions of Ill-Posed Problems, Wiley, New York, 1977.

15. G. Q. XIE & Y. M. CHEN, “A modified pulse-spectrum technique for solving inverse problems
of two-dimensional elastic wave equation,” Appl. Numer. Math., v. 1, 1985, pp. 217-237.

16. G. Q. XIE, Y. M. CHEN & X. Y. L1U, “Convergence of a generalized pulse-spectrum tech-
nique (GPST) for inverse problems of 1-D evolutional partial differential equations,” SIAM J.
Numer. Anal. (To appear.)



